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The method of solution previously presented [1] for a two-phase flow 
is based on replacing the actual interaction between groups of particles 
by some continuously acting force. Here a more rigorous method of 
solution is presented via an analysis of the laws of collision between 
numerous particle groups. Only steady-state flows under isothermal 
conditions are considered, to simplify the problem. 

du2d,r for  du 2 and d,r suf f ic ien t ly  sma l l  [2], and denoting 
the coeff icient  of p ropor t iona l i ty  by 3e f z , /O ,r ,  we get 
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w Case  of a m a t e r i a l w i t h  two f rac t ions .  The speed 
of a pa r t i c l e  of any s ize  takes values  in a c e r t a i n  range  
at each point  in the p r e s e n c e  of co l l i s ions  [1], so we 
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The ra te  of change of f2 due to co l l i s ions  may be 
e x p r e s s e d  as the sum of t e r m s  owing to co l l i s ions  with 
smaU and large  p a r t i c l e s ,  r e spec t ive ly :  

OJ~ / O'~ = (OJ~ / O'v)~, + (OJ~ / O'~)z �9 (1.3) 

Fig. 1 

in t roduce the ve loc i t y -d i s t r i bu t i on  funct ions for  the two 
f rac t ions ,  

d ~ '  = f~ (u, L)  d u  (i = l,  2), (1.1) 

in which 13~ is the bulk flow concen t r a t i on  of f r ac t ion  
i, u is pa r t i c l e  veloci ty ,  L is flovr length,  the s u b -  
sc r ip t  1 r e f e r s  to la rge  p a r t i c l e s ,  and the subsc r i p t  
2 r e fe r s  to sma l l  ones.  

We a s sume  that the pa r t i c l e s  a re  sphe r i ca l  a nd  
move along paths pa r a l l e l  to the axis of the channel  [1]. 
Tu rbu l en t  pu lsa t ions  of the gas flow are  neglected.  

Let the group of sma l l  pa r t i c l e s  at t ime  ,r lie at 
c ros s  sec t ion  L and have ve loc i t ies  in the range  (u2, 
u 2 + du 2). * 

If no pa r t i c l e  in the group undergoes  a co l l i s ion  in 
t ime  dr ,  then the group at t ime  ,r + d,r l ies in c ros s  
sec t ion  L + u2d,r, and the pa r t i c l e s  have ve loc i t ies  

+ [1 + (+--+ 1 ++] +.+ 
~/~2 \ r22 / J t 

in which a is the acce l e ra t i on  of a pa r t i c l e .  
However,  co l l i s ions  cause  ce r t a i n  pa r t i c l e s  to leave 

the group in t ime  d'r, while o thers  en t e r  it; hence the 
pa r t i c l e  concen t ra t ion  in the group at t ime ,r + d,r wil l  
differ f rom f2(u2, L)du 2. A s s u m i n g  that the i nc r ea se  in 
pa r t i c l e  concen t ra t ion  in the group is p ropor t iona l  to 

Cons ide r  groups A and ]3 of sma l l  pa r t i c l e s ,  which 
in sec t ion  L move with ve loc i t ies  (u2,du2) and Cu3,du3) , 
r e spec t ive ly .  The following is the concent ra t ion  of the 
g roup-A pa r t i c l e s  that coll ide with group-13 pa r t i c l e s  
in t ime  d'r and so leave the group:*  

dr A'q3 = 52u8 , (1.4) 
l~ ( u2) dum h ' ~  ' fit u3 - -  u2 [ w/~ (us) dub 

in which AT23 is the mean  t ime of f ree mot ion  of a 
g roup-A par t i c l e  be tween co l l i s ions  with g roup-B p a r -  
t ic les  [1], 5 is pa r t i c le  s i ze ,  and w is gas speed. 
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Fig. 2 

It follows f rom (1.4) that the total  l o s s  of pa r t i c l e s  
f rom group A on account  of co l l i s ions  with all sma l l  
pa r t i c l e s  is 

* F o r  b rev i ty ,  this is wr i t t en  below as u2, du 2. * F o r  b rev i ty ,  f(u,  L) is wr i t t en  as f(u). 
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lt~max 

~-7>- wh(u~')du~d~ I h(u~)l"~-"'i (1 .5 )  
'a.2min 

~tl.illax 
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Let  group C of sma l l  p a r t i c l e s  move  with speeds  
(u~, du~), this r ange  being chosen such that  a g roup-C  
p a r t i c l e  by co l l i s ion  with a g roup -B  p a r t i c l e  acqu i r e s  
a speed  in the range  (u2, du 2) and e n t e r s  group A. 

The fo l lowing is the concen t r a t ion  of g roup-C  p a r -  
t i c les  that  co l l ide  with g r o u p - B  p a r t i c l e s  in t ime  dr :  

/~ (ut) du~ d~rlAvta . (1.6) 

The speed  of the g roup-C p a r t i c l e s  is defined [1] by 

U21~IaX 
3 (8~ + 8~) ~ {" [~[~ (z~ul + -5- w ~ 

U~rain 

- -  ziu.D --11 (u~)l h (u~) I ~ - '~ ,  I du, 
tt2 

(~3 = 2 (8~ s + 8~ s) - -  (t + k) 8~s ~ 
( t - -  k) 8a ~ + 28~a ' r - -  ~ - -  k) 8z s + 281 s ]" (1.11) 

zt~ -- 4u~ -- 0 + k) ua 3 - - ~  3 - -  k ' du~ = __ du~ , (1.7) 

in which k is the coef f ic ien t  of r e s t i t u t i on  on co l l i s ion .  
The fo l lowing is the concen t r a t ion  of p a r t i c l e s  e n t e r i n g  

group A in t ime  d~- as a r e s u l t  of co l l i s ion  with s m a l l  
p a r t i c l e s ,  as given by (1.4), (1.6),  and (1.7): 

96 
(3 - -  kp&, da~ dv x 
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It fol lows f r o m  (1.5) and (1.8) that  

u2IllaX (o,io  _ _  

O'~ ),. - -  8.,. i 
"a2inh I 

- -  f~_ (u2)] f2 (us) I u~ --'~8 ~ I dus . ( 1 . 9 )  

The r a t e  of change of fz f r o m  co l l i s ion  with l a rge  
p a r t i c l e s  is d e r i v e d  s i m i l a r l y .  

Then (1.2) m a y  be put as 

0]2 0]2 _~_ d ( 6 2 )  

ltilTlax 
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2(57+52D (t +k)87 ~ (1.10) 
at ---- (l -- k) 5? § 28zs ' ~2 = ( l - -k )hy+28p]"  

The equat ion for  f l  is 

It fol lows f r o m  ( 1 . 1 ) t h a t  the so lu t ions  to (1.10) 
and (1.11) m u s t  obey the fol lowing n o r m a l i z a t i o n  con-  

dit ions : 

~ in~tx 

l ] ~ ( u , L ) d u = ~ i ' .  (1.12) 

Uimln 

It is assumed that the fi(u, L) differ from zero in 

the ranges (u i min, ui max) and are identically zero 
outside these ranges. These intervals have to be de- 

termined in order to solve (i.i 0) and (I.ii) numerically. 

The s m a l l  p a r t i c l e s  in the s t ab i l i z ed  p a r t  of the f low 

cannot  move m o r e  r ap id ly  than they do in the absence  
�9 (~) = w - -  v 2 , i n w h i c h v  is of the c o a r s e  ones,  i . e . ,  '~2ma~ 

p a r t i c l e  ve loc i t y  (the s u p e r s c r i p t  ~ ind ica tes  that the 
quant i ty  r e f e r s  to the s t ab i l i z ed  par t ) .  S i m i l a r l y ,  it 
fol lows that ' (oo) ~lmia = w -  vl. Here  we have 

~ (co) too) , @o) �9 (co) . 
2rain = u l m i m  ~lmax = ,*2max (1.13) 

F o r  example, s u p p o s e  t h a t  ~.2" rain(C~ ~.J ',"1" min.(C~ Then i n  

s o m e  par t  of the flow, the ae rodynamic  r e s i s t a n c e  and 
the co l l i s i ons  with l a rge  p a r t i c l e s  cause  the speed  of 

�9 tc~) all  s m a l l  p a r t i c l e s  mov ing  at l e ss  than ~lmln to i n -  
Io~) If u2 too) . (oo) c r e a s e  at l eas t  to ulmin, mln > '*lrah~, on the o ther  

hand, a s m a l l  p a r t i c l e  with the m i n i m u m  v e l o c i t y  wi l l  
co l l ide  with s o m e  s l o w e r  l a rge  p a r t i c l e  and acqu i r e  a 

(~  and the next  co l l i s ion  will  r e -  v e l o c i t y  less  than u2mm, 
duce the ve loc i t y  f u r t h e r ,  and so on. The flow t h e r e -  
fore  mus t  contain s m a l l  p a r t i c l e s  whose  ve loc i t y  di f fers  

(~ The e o r -  by an a r b i t r a r i l y  smM1 amount  f r o m  Ulmia- 
r e c t n e s s  of the second  equal i ty  in (1.13) may  be d e m -  

ons t ra ted  s i m i l a r l y .  
As r e g a r d s  the a c c e l e r a t i o n  sec t ion ,  we c o n s i d e r  

the ease  whe re  f t  and f2 in the inlet  s ec t ion  d i f fer  f rom 
~. (o) . (0), for  c o n c r e t e n e s s  we z e r o  in s o m e  range  ~min, ~max/ ; 

a s s u m e  that  u~n~ < u ~  and U~a~ < um(~ where  s u p e r -  
s c r i p t  0 denotes  that  the quant i ty  r e l a t e s  to the in le t  
sec t ion .  It can then be shown by induct ion that  the 
equa l i t i e s  of (1.13) apply for  all  s ec t ions .  

Let  the v e l o c i t i e s  of the p a r t i c l e s  of both f r ac t ions  

take values  in the r ange  (u~r um(A~) in s o m e  sec t ion  A. 

F o r  any sec t ion  B f u r t h e r  f r o m  the inlet  than A w e h a v e  

0]1 0]1 d ( 61 ~ ~ U" (B) - ~  (A) , (B) " ~  .(A) 
ul -YL'- + al ~ + ulh ~u~ \-~'1 ] ,ram I> umin, -2 .. . .  / . . . . .  (1.14) 
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w h e r e  t h e  q u a n t i t i e s  on  t h e  l e f t  c a n  b e  d e d u c e d  f r o m  

t h e  e q u a t i o n s  o f  m o t i o n  f o r  a m o n o d i s p e r s e  m a t e r i a l  

[3 ] .  A l a r g e  p a r t i c l e  h a v i n g  t h e  m a x i m u m  v e l o c i t y  in  

s e c t i o n  A w i l l  m o v e  [3 ]  w i t h  a v e l o c i t y  U~ma~ < "  (m 
~ max 

in section B, whereas if this particle undergoes suf- 

ficient c o l l i s i o n s  w i t h  s m a l l  p a r t i c l e s  w h i l e  m o v i n g  

a l o n g  p a r t  A B ,  i t  m a y  a t  /3 h a v e  a c q u i r e d  a v e l o c i t y  

d i f f e r i n g  b y  a n  a r b i t r a r i l y  s m a l l  a m o u n t  f r o m  - (m u2 max 

(bu t  n o t  e x c e e d i n g  ~,, max(m ~. S i m i l a r l y  i t  c a n  b e  s h o w n  t h a t  

D, (B) . (B) 
min ~ ~ I m l n -  

System (1.10)-(1.  11) canbe  solved by thegrid method; Fig. I shows 
the region for determination of the functions and the grid u = constant, 
L = constant. The curves for Umax and Umin are derived from the 
equations of motion for a monodisperse material  [3] for small  and 
large particles, respectively. We denote the right-hand sides of (1.10) 
and (1. 11). respectively, by I t and t~; furthermore, we replace the 
partial derivatives in these equations by the difference relations 

O/i /~ (A) - - /~  (B) O/i ]i (C) - - /~  (A) 
O--'-L = ALk ' ~u~ = AUra ( / =  i ,  2) ( 1 . 1 5 )  

to get  

= urn ~ B~ a ~  C / i (A) ( l i - b ~ , i (  , - - ~ m ] i (  )i X 

Urn a~ra d aim ~- t  ( i =  t ,  2) . (1. 16) 
X ALIr AUra ~" urn'-d'u urn ] 

Let fz and f2 be known in section k - 1. The values of the functions 
at the ends (D and H) are unknown, since the normalization conditions 
of (1.12) serve as boundary conditions. We put ix(D) -= r :fz(D) ==-- ,~2 
and from (1.16) calculate successively fi(E), fi(F) . . . . .  fi(H), which 
are linear functions of Ol and ~ so ~l  and ffz are uniquely deter- 
mined from (1.12). 

It is clear that the desired functions must be known in the inlet 
section. 

This method of solution involves a large volume of computation 
which must be performed by computer.  

w Consider the particular case that can be solved approximately; 
let 5x >> 6z. As the mass of a small  particle is then negligible relative 
to the mass of a large one, the velocity change in a large particle due 
to a single collision with a small  one is very slight, but the collisionaI 
frequency must be very high [1]. We replace the coIlisional action of 
the small  particles on a large one by a continuously acting force. All 
large particles in a given section must move with the same speed U I. 
As previously, we assume that the velocities of the smaU particles take 
values in some range and consider ~z, the velocity-distribution function 
for the small  particles. However, we simplify the treatment by ne-  
glecting the collisions between small  particles. 

Let k ~ 1. We neglect  the mass of a small  particle relative to that 
of a large one. and instead of the expressions for o 1 and o2 in (1.10) 
we get  

2 t ~ - k  
6~ "~ 1 -- k ' 6~ ~ t ~  " (2.1) 

As all the large particles have the same speed, we must have 

h (u0 = ~ ' 6  (u, -- U~) , (2.2) 

in which 5(t) is the delta function. We use (2. 1) and (2.2) with the 
notation 

(2. a) 

to replace (1. 10) by 

Oh Oh . . d [ a ~ ' ~  ..[ u~ .~ 

L(i -'i-~-~9)~ ~ \T----~ ~ - ~ 
(2.4) 

If k = 1, the velocity of a small  particle after collision is always 
U t i f  the above assumptions apply [1], and the flow contains no small  
particle that after collision with a large one has a velocity in the 
range uz, duz. Then the first term in the expression in square brackets 
in (2.4), which equals (apart from a factor) the rate of change in fz 
on account of entry of new particles into the group uz, duz, is identically 
zero for k = 1, and (2.4) is replaced by 

Oh Oh , d a.o 
u2 --~E- -k a2-~-d-~u t ud2"3-~ (--ff~2 ) = 

152 

We have 

Oh/aL = 0 

for the stabilized part of the flow, and (2.5) is readily integrated in 
this case. 

The form of the solution is dependent on the form of the expression 
for a 2, i . e . ,  on the range of values for R 2 (the Reynolds number) for the 
motion of the sma11 particles[3].  For instance, the following are 

solutions of (2.5): 

R2= 13-800 

Rr 

( t -  V ' ~  s'-I 
h = Cu2 (t~ + t V " ~ §  v2) ~+i x 

2t -b ~ ~bv= 1'5 ~ 
Xexp ~ arc tg ] /~ .z  2 g--~l~ ~); (2.6) 

~V2 . U " t 2 = w - u 2 ,  e = ~ ( w - -  1~--v2), 

2~v2 

The solution of (2.5) exists in the range (--0r u s (oo)~ in which maxt, 
u2 max = w - -  v=; but arguments analogous to those of w allow us to 
show that the velocity of the small  particles in the stabilized section 
cannot be less than UI.~, and so fz differs from zero in the range 
(Uloo, u2(~n)ax) and is identically zero for other values of u z. 

It follows from (2.6) and (2.7) that the form of fz is dependent on s. For 
tu (oo)~ 0; s > 1/3  ( ~  < 1) and for ~ > 1/2 (1~ in range l 3  to 800), 1'2 ~ Smax/ = 

but too) ]2 (U~max) = oo (Fig. 2) if e is less than these critical values. 
After transformation, the expression for ~ for R~ < 1 can be put as 

e = ~ 2 ~i 3 ~ (U2 max- -  Uloo) ~ (a2)u2--Uloo " (2.8) 

Here the expression in brackets is the mean  value of the ac-  
celeration equivalem to the action of the large particles on the small 
ones moving at speed u (=) rD, so r for R 2 < 1 has a definite physical 2 max - 
significance: it  is proportional to the ratio of the total accelerations for 
stoat1 particles with the max imum and min imum velocities, respec- 
tively. Also, ~ is uniquely determined by that ratio for other ranges in 
R z. It follows from (2. 3) that ~ increases with the concentration of 
large particles for given ill, 5z, and /3~. 

Equation (2.4) for the stabilized part of the flow is a differential 
equation with advanced argument. It is readily seen that for 
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u2 > u~* = ~/~ [(t - - / 0  %~ax ) + (1 + k) U~oo] (2 .9 )  

the argument exceeds u (c~ �9 so (2.4) becomes (2.5) in the range ~ lllax) 
(u~*, u~(~)ax) which is the initial manifold for (2.4), while the values 
of fz  in that range (L e . ,  theinit ial  function) maybe found as indicated 
above. 

The values of fs  in the range (U1. ~, us*) may be found by successive 
integration. Substitution for the initial function in (2.4) gives a dif- 
ferential equation in the range (u~ "* , us*), in which 

u~** = V~ l(t - -  k) u~* + (i § ~) Crx.o]. 

Substitution of this solution into (2.4) gives us the equation for the 
next range, and so on. 

u (oo) If k ~ 1, f2 also differs from zero in the range (U~c~, 2max," 
We can determine Ulnas  follows. The following is the equation of 

motion for the large particles in the stabilized part, subject to the 
above assumptions [J, 3]: 

w - -  UIo ~ nt t ) --~ (~. lO) 

in which n I is dependent on the range in R 1 [3], while ale is a con- 
tinuously acting force (per unit particle mass) equivalent to the action 
of the small particles on large ones during collisions, which can [1] be 
put as 

u (oo) 
21Itax 

ale = 4 (t -[- k) w (6~ -]- 5~) 2 ~ (t~ ~ U1~)2 1~ du~ . (2. 11) 
813 ~$ 

u 

We determine fz for several values of UI~, and then graphs of 
arc = a l c (U~ ) are drawn up in accordance with (2.1O) and (2. 11); 
the abscissa of the point of intersection is the desired value of UI~ o. 

Equations (2. 4) and (2. 5) have also been solved by the grid method 
for the acceleration section, with the variation in U t along the flow 
given [ 1, 3] by 

U dU~ F / w ~  Ua\ n~ ] 

The following example was computed for the stabilized part of the 
flow for a material consisting of two fractions: 

61 = 5 re.m, 62 = 0.5mm, w = 20 m/sec  , 

[ ~ ' =  (0.738--3t.2) "t0-a ma/m ~, h = 12.48 m/sec , 

vz = t.86 m/see ,  152' = 0.738 mVm s,  

and the resulting distributions are shown in Fig. 2, in which 

curve 1 2 3 d ~ 6 
k t l l t 1 0 

s = 0.14t 0.397 0.513 t.284 t3.45 0.968 

The mean speeds of the small particles are determined from ~he 
conditions for averaging with respect to the true bulk concentration: 

u (c~) 
~max 

~t].90 

(2.13) 

The results showed that the approximate method of [1] for this 
problem gives underestimates of the velonities of both fractions, but 
the error of the method is only 8-10~ 0 in these examples. 

w C o n s i d e r  a d i s p e r s e d  m a t e r i a l  w i t h  a c o n t i n -  

u o u s  p a r t i c l e - s i z e  d i s t r i b u t i o n  c h a r a c t e r i z e d  b y  a 

f u n c t i o n  x : 
d13' = x (6) d6 .  ( 3 . 1 )  

T h e  f o l l o w i n g  f u n c t i o n  F i s  t h e  d i s t r i b u t i o n  b y  v e -  

l o c i t y  a n d  s i z e :  

d~[~ ' = F (6, u, L)  d 6 d u  . ( 3 . 2 )  

T h e  g e n e r a l  f o r m  o f  t h e  e q u a t i o n  f o r  F d o e s  n o t  

d i f f e r  f r o m  ( 1 . 2 ) .  T o  f i n d  aeF /0~-  w e  c o n s i d e r  g r o u p s  

A a n d  B o f  p a r t i c l e s  h a v i n g  s i z e  r a n g e s  6~, d61 a n d  

52, d52 a n d  v e l o c i t y  r a n g e s  u i ,  du 1 a n d  u2, du 2, r e -  
s p e c t i v e l y ,  i n  s e c t i o n  L .  T h e  c o n c e n t r a t i o n *  o f  g r o u p -  

A p a r t i c l e s  i s  a s  f o l l o w s :  

F (6 I, ul) d61dufl'c/A~:12 , ( 3 . 3 )  

a n d  t h e s e  p a r t i c l e s  c o l l i d e  w i t h  g r o u p - B  p a r t i c l e s  in  

t i m e  d r ;  h e r e  A'rl2 i s  d e f i n e d  a s  in  w T r a n s f o r m a t i o n  

a n d  i n t e g r a t i o n  of  ( 3 . 3 )  g i v e s  t h e  f o l l o w i n g  e x p r e s s i o n  

f o r  t h e  t o t a l  l o s s  of  g r o u p - A  p a r t i c l e s  a s  a r e s u l t  o f  

c o l l i s i o n s  w i t h  a l l  p a r t i c l e s  in  t h e  f l o w :  

w F  (Sx, uO dS~ du~ d~: • 

8max Unfix 

823 U2 " 
rain Umin 

(3.4) 

S i m i l a r l y ,  t h e  g a i n  in  t h e  c o n c e n t r a t i o n  o f  g r o u p - A  

p a r t i c l e s  b y  c o l l i s i o n  i s  

~fflax u m a x  

wd81 dul d~ ~ 6a~ u2 .... 
8 in Umin 

• F(~I ,  asu~ - -~4u2)F (62, us)dus d6~ (3.5) 

T h e n  ( 1 . 2 ) ,  ( 3 . 4 ) ,  a n d  ( 3 . 5 ) g i v e  

6~fi' (61, ~1) d ( g l )  aF (6~, uO § a~ ~- urF  (6~, u~) ~ ~ = ul O ~  Ou~ 

~max Umax 

-a-- 3 l I (61-[r 52)2 [ u2-- ul [ 6~ s U2 [63~F (St' ~Rl~l - -  = W - -  - 

- -  Z4U2) - -  F ( 8 1 ,  U l ) ]  F(82 ,  u2) du2d62 �9 ( 3 . 6 )  

I t  f o l l o w s  f r o m  (3. 1) a n d  ( 3 . 2 )  t h a t  t h e  s o l u t i o n  to  

( 3 . 6 )  m u s t  o b e y  t h e  n o r m a l i z a t i o n  c o n d i t i o n  

Umax 

Umin 

F (5, u) du = x (8)  ( 3 . 7 )  

In  t h e  s t a b i l i z e d  p a r t ,  Us > = w - - Y m l n  iS t h e  m a x -  

i m u m  v e l o c i t y  o f  t h e  p a r t i c l e s  of  m i n i m u m  s i z e ,  

w h i l e  " (~) ~min = w - -  Vmax i s  t h e  m i n i m u m  v e l o c i t y  o f  t h e  

l a r g e s t  p a r t i c l e s .  A s  in  w i t  c a n  b e  s h o w n  t h a t :  

1) F in  t h e  s t a b i l i z e d  p a r t  d i f f e r s  f r o m  z e r o  in a 

r e c t a n g l e  w h o s e  v e r t i c e s  a r e  

(~min, " (cr (~min, " ( ~ ) \  (~max, ' (oo).~ (~max, U(mCCa)x) uillin}~ /~max} ~ ~raiIl]~ . 

* F o r  b r e v i t y ,  F ( 5 , u )  i s  w r i t t e n  in  p l a c e  of  F ( 6 , u ,  L) .  
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2) If the v e l o c i t i e s  in the in le t  s ec t i on  take  va lues  
wi th in  a r e c t a n g l e  whose s ides  a r e  p a r a l l e l  to the axes  
of 6 and u,  the s a m e  f o r m  for  the r e g i o n  F ~ 0 p e r s i s t s  
in a l l  s e c t i o n s  of the a c c e l e r a t i o n  p a r t ,  wi th  Uma x = 
= Umax(L) and Umi n -- Umin(L) def ined  by the  equat ions  
of m o t i o n  fo r  a m o n o d i s p e r s e  m a t e r i a l  [ 3], r e s p e c t i v e l y ,  
fo r  the p a r t i c l e s  of m i n i m u m  and m a x i m u m  s i z e .  

Equat ion  (3.6) m a y  a l s o b e  s o l v e d  b y t h e  g r id  method .  
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